Code Summary and Visualization

Introduction

This notebook first summarizes the functions defined in the notebook “Semi-Analytic Approach” so that
they can be used without needing to review and execute that notebook in its entirety. Then particular
visualizations are presented along with the methodology for exporting them to external files as TIFFs.

For all cases the disk has a (dimensionless) radius of 1.

Note that in the execution of these functions warning messages may appear from the internal execution
of the NIntegrate function. These are a consequence of the numerical integration symbolic pre-
analysis encountering expressions that do not evaluate to purely numerical expressions—these warn-
ings can be ignored.

Discussion of exporting

If a graphic is assigned to a parameter then the graphic can be exported as a TIFF at a particular size
and resolution as follows.

Here is an example of a graphic assigned to the parameter myPlot

x2 El1lipticK[x]

myPlot = Plot[ , {x, -2, 1}]
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Then Export it as follows to a file thePlot.tiff with an ImageSize of 500 and an ImageResolution of
300 (the TIFF file will be placed on your file system in the directory where this notebook is located; the
file name should have the “ tiff” suffix):

Export [FileNameJoin[ {NotebookDirectory[], "testPlot.tiff"}],
myPlot, ImageSize -» 500, ImageResolution -» 300]

For each of the main visualization examples below the appropriate Export function is also included.

You may also substitute the expressions like FileNameJoin[ {NotebookDirectory[],"test:
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Plot.tif£”}] with a full path to a .iff file that you wish.

Functions

Functions for fields and potentials

Here are the functions for a uniform ring charge

2p
radialChargeFactor([a_, p_] := ;
a

2EllipticE[22]
i
(-1+m) V1+m

2 (E1lipticE[2%] + (-1+m) Elliptick[22])

f2[m_] := - ;
(-1l+m)m+y1+m

fl[m_] := -

2arsSin[o]
ula_, r_,6_] 3= ————;
+r

ExRing[a_, r_, 6_, p_] :=
r Sin[e]

a(1+2)%?

a2

radialChargeFactor[a, p] [[ ] fl[u[a, r, 8]] - 1 f2[uf[a, r, 6]]

(14 2)2

a2

r Cos [6O]
a(1+2)?

a2

EzRing[a_, r_, 6_, p_] := radialChargeFactor[a, p] [[ ] fl[u[a, r, 6]]]

Here are the functions for the electric field of the uniform charged disk

ExUniformDisk[{r_, r0_}, 6_] :=

4arsSin[e
Quiet@NIntegrate| (2 Csc[6] (— (a®+r?Ccos[26]) EllipticE| ] +
a?+r?2+2arsin[e]

(a2+r2_2arsin[9])])/

4arsSin[o]

EllipticK[
a?+r2+2arsSin[o]

r? 2arsSin[e
1+ — ro? (a’+r?-2arsin[e]) 1+—[:|
a a

TY  {a, 0, rO}]

2 2

+r

EzUniformDisk[{r_, r0_}, 6_] :=
4 rCos[6] EllipticE [ —darsinlel

a2+r2+2 arSin[o]

Quiet@NIntegrate| , {a, 0, r0}]

nll+E ro? (a?+r?-2arsinfe]) 1+ 2arcsinfe]
a a‘+r

ExUniformDisk[{r_, r0_}, 0| 0.0] :=

ExUniformDisk[{r_, rO_}, = | N[x]] :=
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Here are the functions for the electric field of the non-uniform charged disk

ExSqrtDisk[{r_, rO_}, 6_] := Quiete@

2

a — L. 4arsin[o]
NIntegrate[-||3 ,[1- — Csc[e] |(a’+r?Cos[26]) EllipticE| -
r0? a?+r2+2arsSin[e]
4arsSin[e6
EllipticK[ el (a2+r2—2arsin[6])) /
a’+r?+2arsSin[o]
2arsSin[e
ro? (a’+r?-2arsinfe]) 1+—[:| , {a, 0, r0}]

2 2

a“+r

EzSqrtDisk[{r_, r0_}, 6_]

a?_ . . 4arsinfe
) 6 r—\/ 1- v~ Cos [O] Elllth'CE[a2+r2+2arsin[e]
Quiet@NIntegrate|

, {a, 0, r0}]
7r—\/1+:—: r0? (a2+r2—2arsin[6]) 14 2arsinfe]

az+r2

ExSqrtDisk[{r_, r0_}, 0| 0.0] :=0

ExSqrtDisk[{r_, rO_}, w | N[x]] :=

Here is the function for the potential for a uniform ring

. . 4arsinfe
4a ElllpthK [ a2+r2+2 arsSin[eo] ]

PotentialRing[a_, r_, 6_, p_] := radialChargeFactor[a, p]

l+ﬁ \/1+2arsin6

a2 az+r2

Here is the function for the potential of the uniform disk
PotentialUniformDisk[{r_, rO_}, 6_] :=

8 Elliptick[ j—22rsinlel

a2+r2+2arsSin[eo]

2 2arsinfe]
w1+ 2 ro?f1, 2azsia
PotentialUniformDisk[{x_, y_, z_}] :=

PotentialUniformDisk[{'\/ x2+y?+z?, 1} ’ ArcTan[z, \ x? +y? ] ]

Here is the function for the potential of the non-uniform disk

Quiet@NIntegrate| , {a, 0, r0}]

PotentialSqrtDisk[{r_, r0_}, 6_] :=

aZz_ . . 4 in[e]
124/1- 2 EllipticK[12r8inld

az+r2+2arSin[0]

[ 2 [1, 2acsinlel
mafl+ 5 r0%4/1, 2arsinfoe
a a“+r

Quiet@NIntegrate [

, {a, 0, r0}]
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PotentialSqrtDisk[{x_, y_, z_}] :=

PotentialSqrtDisk[{\/x?+y?+2? , 1}, ArcTan[z, \/x?+y? |]

Function that creates a 3-D field line plot [note that this function generates a plot
that does not show the proper 3-D divergence of field lines at co — as discussed in
emails]

squareRootStreamPlot3D[ {nXZLines_Integer, plotRadius_}, nRotations_Integer] :=

Module [ {sgrtStreamPlot, graphicsComplex,
graphicsComplex3D, revolutionDisk, fieldLines},

sqrtStreamPlot =

StreamPlot[{ExSqrtDisk[{'\/ x?+2? , 1}, ArcTan([z, x]],

EqurtDisk[{\/ x2+22, 1}, ArcTan[z, x] ] } , {x, -plotRadius, plotRadius},
{z, -plotRadius, plotRadius}, StreamPoints -» With [ {n = nXZLines},

i
Table [RotationMatrix[ 2 7 —].{plotRadius, 0}, {i, 0, n-1}]],
n

StreamStyle » {"Line", Directive[Red, Thick] }] ;
graphicsComplex = Cases[sqrtStreamPlot, _GraphicsComplex, «];
graphicsComplex = First[graphicsComplex];
graphicsComplex3D = graphicsComplex /. {x_?NumberQ, z_?NumberQ} :» {x, 0, z};

revolutionDisk = RevolutionPlot3D[0, {t, 0, 1}, ColorFunction -» Function[

{x, vy, 2,t, 0, r}, Blend[{White, Darker[Blue, 0]}, Rescale[\/ 1-r?, {0, 1}]]],
Mesh -» False, PlotPoints -» 50, Boxed » False, Axes -» False] H

fieldLines = With[{n = nRotations},
Graphics3D|

Table [GeometricTrans formation [graphicsComplex3D '

27
RotationTransform[ i—, {0,0, 1}]] , {1, O, n—l}]]
n
]:

Show[fieldLines, revolutionDisk, Boxed » True, ImageSize » 500]

]

Here is the function to generate an image of a non-uniform charge density

revolutionDisk[zCoord_, opacity_] :=
RevolutionPlot3D|[zCoord, {t, 0, 1}, ColorFunction - Function[{x, y, z, t, 6, r},

Blend[{White, Darker[Blue, 0]}, Rescale['\/ 1-r?, {0, 1}]]],
Mesh -» False, PlotPoints -» 50, Boxed -» False, Axes - False,
PlotStyle » Directive[Opacity[opacity]] ]

revolutionDisk[] := revolutionDisk[0, 1]



Electric Potential and Field of the Free Electron - Code Summary and Visualization.nb

Examples of use of the functions in visualizations

Field lines in the x-z plane

Note that the number of nStreamlines should be divisible by 4 in order for this plot to show proper
symmetry with respect to reflection across the axes.

sqgrtDiskStreamPlot =
With |
{

nStreamlines = 32,
plotRadius = 4,
diskThickness = 4

Y,
StreamPlot[{ExSqrtDisk[{’\/ x2 + 22 , 1]» , ArcTan [z, x] ] ’
EqurtDisk[{\/ x?+2? , 1}, ArcTan[z, x]]}, {x, -plotRadius, plotRadius},
{z, -plotRadius, plotRadius}, StreamPoints - With[{n = nStreamlines},

i
Table[RotationMatrix[ 27 —] . {plotRadius, 0}, {i, O, n- 1}] ] ’
n

Epilog - {First@Plot [0, {x, -1, 1}, ColorFunction -

Function [ {x, v}, Blend [ {White, Darker@Blue}, (1 - x2) 1/2] ] '
ColorFunctionScaling -» False, Axes - False, Frame - False,
PlotStyle - {AbsoluteThickness[diskThickness]}]},

StreamStyle -» {"Line", Directive[Red, Thick]}, Frame - False,
RegionFunction - Function[{x, z, VX, vz, n}, x2+22% < plotRadiusz] ]

]

 —

\/\

| 5



6 | Electric Potential and Field of the Free Electron - Code Summary and Visualization.nb

Export [FileNameJoin[ {NotebookDirectory[], "fieldLinePlot2D.tiff"}],
sqrtDiskStreamPlot, ImageSize » 500, ImageResolution » 300]

Field Lines in a mock 3D rendition

For this function squareRootStreamPlot3D the form of the arguments are most easily described by an
example.

An example starting with 8 field lines in 2 dimensions, plotted out to a distance of 4 and then rotated
through 10 separate planes:

fieldLinePlot3D = squareRootStreamPlot3D[{8, 4}, 10]

Export [FileNameJoin[ {NotebookDirectory[], "fieldLinePlot3D.tiff"}],
fieldLinePlot3D, ImageSize -» 500, ImageResolution - 300]

Several plots of the behavior of the potential

Comparing the potential for the uniform disk with the non-uniform disk along the z axis:
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Plot[{PotentialSqrtDisk[{0, O, z}], PotentialUniformDisk[{O, O, z}]},
{z, -4, 4}, PlotRange - All]
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Comparison at x=1 along the z-axis:

Plot[{PotentialSqrtDisk([{1l, O, z}], PotentialUniformDisk[{1l, O, z}]},
{z, -4, 4}, PlotRange - All]
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Comparison at x=2 along the z-axis:

Plot[{PotentialSqrtDisk([{2, O, z}], PotentialUniformDisk[{2, O, z}]},
{z, -4, 4}, PlotRange - All]
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And a visualization corresponding to those in the uniform case but with the representation of the

charged disk inserted (the charged disk has some transparency here so that the contours can be seen
through it:

potentialSlicedPlot3D =
With[{plotRange = 2},

Module[{disk},
disk = revolutionDisk[.05, .5];

Show|[
SliceContourPlot3D[PotentialSqrtDisk[{x, y, z}], "CenterPlanes", {x, -plotRange,
plotRange}, {y, -plotRange, plotRange}, {z, -plotRange, plotRange},

RegionFunction -» Function[{x, y, 2}, x <0 ||y > 0], Axes -» False],
disk

1
11

Export [FileNameJoin[ {NotebookDirectory[], "potentialSlicedPlot3D.tiff"}],
potentialSlicedPlot3D, ImageSize » 500, ImageResolution » 300]



